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Under some circumstances, autooscillations can arise in an electro- 
chemical system with decreasing characteristics [1-3]. k method for 
finding the polarization curve P = P(&) (here & is the electrode poten- 
tial, P = i / c (0, t), where i is the current density, and c(0, t) is the 
mass concentration at the electrode surface), ifthedistribution in time of 
the current density is given, is proposed in [1]. In the numerical solu- 
tion of this problem, which is considered below, considerable compu- 
tational difficulties were encountered. 

w I t  iS a s s u m e d  in [1] t h a t  t h e  q u a n t i t y  •  p r o -  

p o r t i o n a l  to t he  c u r r e n t  d e n s i t y ,  i s  a known  p e r i o d i e  

f u n e t i o n  of  t he  t i m e  t w i t h  p e r i o d  T:  

Z( t )=  (~(t)  w h e n  a + k T ~ t ~ + k T  ( k = 0 , + t , + 2 ,  . . )  
tq~(t) w h e n  ~ + k T ~ < t < T + k T  - -- 

(a = ~/~ pT,  ,[3 = - -  */~ pT  + T, T = ~/~ pT  + T, 

O < p <  1, ~( t )  < 0 ,  q~(t) > 0 ) ,  ( 1 . 1 )  

and with the he lp  of the Duhamei  f o r m u l a  [4], c o n v e r -  
gent  s e r i e s  w e r e  ob ta ined  for  the function u(x,  t) ,  the 
p e r i o d i c  s o l u t i o n  of  t h e  d i f f u s i o n  e q u a t i o n  (D is  t h e  d i f -  

f u s i o n  c o e f f i c i e n t )  

Ou O~u 
at - -  D O~ (1.2) 

with the boundary condition 

Ou (0, t) 
O~ = Z (t) (1.3) 

in  the  s e m i - i n f i n i t e  r e g i o n  x -> 0. T h e  m a t t e r  c o n c e n -  

t r a t i o n  c (x ,  t)  i s  r e l a t e d  to u (x ,  t) b y  the  e q u a t i o n  

u (x,  t) = [c (x,  t) - -  c o - (c ~ - co)x / l l G l  

( h e r e  e0, c ~ l ,  and  G a r e  s o m e  c o n s t a n t s  [1]). T h e  
f u n c t i o n  • m u s t  n o w  s a t i s f y  c e r t a i n  r e q u i r e m e n t s  

[11. 
W h e n  t h e  f u n c t i o n  • i s  k n o w n  a n d  t h e  f o r m u l a s  

(1.1) a r e  g i v e n ,  t h e  s o l u t i o n  of  Eq.  (1.2) w i t h  t he  c o n -  

d i t i o n  (1.3) g i v e s  u s  

u ( 0 ,  t)  = 

= ~ ( o , t )  w h e n  ~ ~ k r < t < ~  ~ kr 
(ue(0, t) w h e n  ~ L k r . < . . t ~ % T +  k T  ( k = O '  -+ t, +_ 2 . . . .  ). (1.4) 

I t  i s  n o w  e a s y  to f ind  t h e  p a r a m e t r i c  r e p r e s e n t a t i o n  
of  t he  c h a r a c t e r i s t i c  P (d ) ,  w h i c h  c o n s i s t s ,  f o r  t h e  v a l -  

u e s  of  ** w h i c h  c o r r e s p o n d  to  t he  a u t o o s c i l l a t i o n  c y c l e  

and  i n c l u d e  t h e  r e g i o n  of  t h e  c h a r a c t e r i s t i c  m a x i m u m ,  
of  t he  two p i e c e s  Pl (~)  and  P~(d),  i . e .  [1],  

P l  - -  al (~ (t) 4- A) ~Z~.v)VE , v - - O = G l r ( q , ( t ) +  A),  

po az (~ U) + A) - - -  u.,(%t)+co ' v - - ~ = G l r ( e p ( t ) +  A) ,  

(v, r, A = const). (1.5) 

T h e  s e r i e s  ul(O, t) and  uz(O , t) n o w  h a v e  t h e  f o l l o w -  

i ng  f o r m s :  
c~ 

+ y, 11.6) 
]=1 

+ [ 
5=1 

Here 

Y~ = ~l *l/~-z(z) dz , Y2j  = ~ g"iTiT--zr (z) dz 

f (z) dz 
]2j+1 = 1#?+ i T  - -  at 

(1.8) 

t ~+T 

i r d~ f *(~)  d~ I 1 =  g ~ - z  ' I2j = 
-~ g t + l T  - z 

,y 

V F T  / T - - ~  
(1o9) 

Formulas (1.6) and (1.9) were obtained, after some 

transformations, from Eqs. (2.3)-(2.5) of [I]. 

Clearly, if in the formulas (1.8) we replaee c~ by 8, 8 by T, Y by 
8 + T, ~(~) by r and r by ~(o), then Eq. (1.6) passes over into 
Eq. (1.7). Thus the numerical computation of the functions ul(0, t) and 
ua(0, t) can both be carried out by the same program, with only the in- 
put data being changed. Accordingly, we shall consider below only the 
means of finding a numerical solution of Eq. (1.6), where the notation 
(1.8) is used. Technical difficulties arise only in finding the solution of 
Eq. (1.6), since when ul(0, t) has been determined, the characteristic 
P,(ff) can easily be calculated from the formulas (1.5). These difficuI- 
ties are twofold. 

In the first place, if the functions ~(t) and r which appear in 
Eq. (1.8) have some sort of complicated form, then approximate inte- 
gration formulas must be used to calculate the integrals (1.8); the di- 
feet calculation of these integrals is often a laborious process, requir- 
ing a great deal of machine tLme. 

tn the second place, the series (1.6), using the notation (1.8), con- 
verges very slowly; this is an alternating series, each term of which is 
of order j-t,&, and the computation time from the formula (1.6) would 
be very large. 

In order to avoid these difficulties, we transform the integrals (1.8) 
into a new form, and we shall further make use of asympmtin formulas 
to calculate them at large values of j. 

w We now show how the ca l cu l a t i on  i s  c a r r i e d  out 
in  t h e  c a s e  in w h i c h  t he  f u n c t i o n s  ~0(t) a n d  r  a r e  

g i v e n  b y  

(p (t) = a + b ( 7 - -  t) ~ + g ( t - - ~ ) ' ! ~ ,  

~2 (l) = e + d (8 - -  t)~ + / (t - -  c,.)'!~. (2.1) 

(a>O,  b>O,  g < O , y = < ~ < ~ ,  e<O, 

d < O ,  f > O  V . , _ K q < t ) .  
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Here these  cons tan ts  a re  such that  the r e l a t i ons  
(4.2)-(4.4) and (2.15)-(2.16) of [1] a re  to be sat isf ied.  

-Z 

_ : ~ 1  ~2 

Fig.  1 

Let  us set  

{~ (t)  = I~1 (t) § I ~  ( t ) ,  

Here 

(t) = r (t) + ~: (t). (2.2) 

%(t) = a § g( t  ~)" --  ,, ~ (t) = e § / (t - - a )  V~ (2.3) 

~ (t) = b (y --  t)L ,~ (t) = d (1 ~ --  t)q. (2.4) 

Subst i tut ing (2.2) into Eq. (1.8), we see that ,  us ing  
the notat ion of Eqs. (2.1)-(2.4) ,  each of the in t eg ra l s  
of Eq. (1.8) s epa ra t e s  into two par t s :  

J1 = J1,1 + J],2, 

Jo_j = Jo~,~ + Jo.~,~, Je;+~ = J~io,~ § J~;+~,~, (2.5) 

l 

~ (~) d~ ~ (z) d~ 

(i = l, 2). 

It  is  c l e a r  f rom Eq. (2.3) that the i n t eg ra l s  (2.6), 
with i = 1, can be pe r fo rmed  with e l e m e n t a r y  func-  
t ions.  

Let  us now take up the in t eg ra l s  (2.6) with i = 2. 
We f i r s t  cons ide r  the express ion  J1,2. It is  easy  to 

see that 

J u ( ~ )  = O, J~ ~(13) = d(t3-- ~)q§176 ' q + V~ "" (2.7) 

Now let  (~ < t < ft. In this  case  the in teg ra l  J i ,z  is 
not taken in e l e m e n t a r y  funct ions ;  it  is a c o n v e r -  

I , / 

- 2 L _ _  

Fig.  2 

J 

t 

-4_ 

gent  i m p r o p e r  in teg ra l ,  s ince  the in tegrand becor~ cs 
inf ini te  at a = t. In tegra t ing  by p a r t s ,  we find that 

t 

- q  f (2.8) 
c~ 

Let us examine  the following in tegra l  f rom Eq. 
(2.8): 

t 

z = f (2.9) 

At a = t the der iva t ive  of the in tegrand becomes  inf i -  
ni te.  

A method for  the approximate  ca lcula t ion  of i n t e -  
g ra l s  of this  type is given in [5]. Assume  that 5 > - 1  
and that  it is not a posi t ive in teger .  We int roduce the 
notat ion 

b 

I =  1/(~)d~ 
a 

(f (v) = (vl ~ :)s • (v)). (2.10) 

As in [5], we separa te  the function f(~) into two 
par t s  

/ (~) = h (~) + f~ (~) 

such that the function g~(a) conta ins  al l  the s ingu la r i t i e s  
of f (c) ,  but  is in tegrab le  in f ini te  fo rm,  while the func-  
tion f2(G) has no s i ngu l a r i t i e s ,  and i t s  in tegra l  can be 

:Z ! t  

{ 

u 
2 

J 

Fig.  3 

found with the help of one of the n u m e r i c a l  in tegra t ion  
fo rmulas  {for example ,  the Simpson formula) .  The e r -  
r o r  e in the Simpson fo rmula  is de t e rmined  by the 
modulus  of the fourth der iva t ive  of the in tegrand:  

9~m4, Ma=max[flV(~){ ( a < a ~ b ) .  (2.12) 

Here 2m is the n u m b e r  of segments  into which the 

in te rva l  of in tegra t ion  a -< cr-< b is divided. 
There fo re  the function f ( a )  mus t  be  t r a n s f o r m e d  so 

as  to make the fourth der iva t ive  of the function f2(~) 
equal to zero  at  a = al. 

Compar ing  fo rmulas  (2.9) and (2.10), we see that in 
the case  unde r  cons idera t ion  5 = 1/2 ,  el = t. Since a < 
< t < fi, the function ~((r) = {fl - ~)q-1 has no s i n g u l a r i -  
t ies  in the in te rva l  Ca, t). 

Separa t ing  out the f i r s t  four t e r m s  in the Tay lor  
s e r i e s  expansion of the function n(G) around the point 
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cr = t, we obta in  

• (~1 = ~ ~ • (t~ ( ~ - -  t ) ' ,  
m ~ O  

~ (o) - -  • (~) - -  • (~). (2.13) 

Using  Eqs .  (2.9) and (2.13) ,  we can  w r i t e  out  the e x -  
p r e s s i o n  f o r  the  func t ion  fz((r), wh ich  a p p e a r s  in Eq.  
(2.11): 

.~ (~) - V t - ~  {(~ - -  ~)~-'-- 

- -  i a~(q)([ i--t)~-'- '~(c~--t)m} ' 
m = 0  

a,)(q) = ~, 

(-- I)'* a ,~(q)- -  ml ( q - - m ) ( q - - m + l ) . . . ( q - - t )  

(m 4= 0). (2.1 4) 

The  i n t e g r a l s  J2j,2 and g2j+~,2 a r e  t r a n s f o r m e d  s i m -  
i l a r l y .  

L e t  u s  now w r i t e  down the  f i na l  f o r m s  f o r  the  i n t e -  
g r a l s  J~, Jz j ,  and  J~j+~: 

x ]/-i - -  or - -  2q ({3 - -  t)~ -~ (t - -  ~)V~ x 

3 
~ (q - ,~) (~ - ~ + ~ ) .  (q - ~) ( t - ~ ~ ]  

r n = l  

J~ (~) = O, 

q + 1/~ (2.1 5) 

H e r e  fd(r) i s  g iven  by  f o r m u l a  (2.14) ,  

+ + 

__ arc sin ( v I ~ 2 T ) I }  ~_ b { (T-- ~) ~+~ ' 
s + l  Y'~-- I" 

§ 

(-- i) m+~ (7 -- ~)s+m (2m -- 3) (2m - - 5 )  : . .  t + 
2 ~-~ (m - -  1)! (s + - -  - ' m )  (~ - -  ~)m /~ 

m ~ 2  

7 

(~:=t-f-/T, ~ 4 a q - T ) ,  

J~ (a) = 2a 1/T ~ - ~  ,4- ~ b (T-- ~)s+V, 

3 

~ q t ~ l  
(2.16) 

The  e x p r e s s i o n s  f o r  the  i n t e g r a l  J2j+l,2 and the  
func t ion  ]~a~*~) (~) can  b e  o b t a i n e d  f r o m  the  f i r s t  and  

third formulas of Eq. (2.16) if we replace a by e, g by 

f, sbyq, bbyd, fiby ~, and 7bYfl. 
w At large values of j we make use of asymptotic 

expansions of the integrals J2j and Jzj+1, as defined by 
Eq. (1.8). 

Introducing the notation 

z ~ = (]T)-~ (3 .1)  

and e x p a n d i n g  the  func t ion  [1 + xZ(t - a ) ] l f l  in a M a c -  
l a u r i n  s e r i e s  a r o u n d  the v a l u e  x = 0 w i th  a r e m a i n d e r  
t e r m ,  we o b t a i n  f r o m  Eq. (1.8) 

j~j = ~ ( -  t) ~ 1 . 3 . . .  (2~ - ~) z~+~ l ~ (~)(t - -  ~)~ & + 
2 n .  n !  

n = 0  

7 
i . 3 . . . ( 2 / ~ i )  x~l+a (" r (~) ( t - -  ~)~1 dd 

21+f(l -~- l)! ~ [t ~ 0 (t--~) x~l I+3/2 

( o < o < i ) .  (3.2) 

H e r e  l i s  s o m e  p o s i t i v e  i n t e g e r .  A f o r m u l a  a n a l o -  
gous  to  Eq. (3.2) can  a l s o  b e  w r i t t e n  f o r  the  i n t e g r a l  
Jzj+D de f ined  by  the  t h i r d  f o r m u l a  of Eq.  (1.8).  A d d i n g  
t o g e t h e r  J~.j and  J2j+l ,  c o m p u t i n g  the  i n t e g r a l s  

I~(v)(t--~)ndv,  Ir  ( i < n < / ) ,  (3.3) 

and ,  a s  w a s  shown in [1], t a k i n g  in to  a c c o u n t  t ha t  

J] "t 

l ~p(z)dv-b I T(z)dv = O. (3.4) 
a 

and  t hen  r e t u r n i n g  to  the  p r e v i o u s  n o t a t i o n  of Eq.  (3.1),  
f r o m  Eq.  (3.2) and  f r o m  the  a n a l o g o u s  f o r m u l a  f o r  
Jz j+l  we f ind the  f o l l o w i n g  e x p r e s s i o n :  

I 

//,(~n+l) U J T R~j + R~j+x �9 (3.5) 
r ~ - i  

H e r e  
?z 

f (2~,+t)/~ = ~ bj ( A~,+312-j + A~+m-j) fl-t 
j = l  

(n ~ t , 2  . . . .  l), 

b~=  1, 

bj (-- t)j+x (2n -~ 3 - -  2]) (2n -4- 3 - -  2] 4- 2) X = 2~-~ (/---= ~)l 

x ( 2 n - ~ 3 - - 2 ] ~ 4 ) . . . ( 2 n - -  1) ( / ~ t )  (3.6) 

The  q u a n t i t y  A,,,(~+I) i s  g i v e n  b y  the  f o r m u l a  

t . 3 . . . ( 2 m - - t )  X Al/2(~m+l) = 2m 

m 

r ( --'" 
(3.7) 

The  f u n c t i o n s  ~ i (T) ,  d e f i n e d  on the  i n t e r v a l  fl -< r -< T, 
a r e  g iven  by 

- ~ §  
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( - -  t)*b 
-} (s -J- f) (s fl- 2) . . .  (s q- i) (q" ~ "r)s+~ -~- 

2~g (,~ __ ~)V,+4 (i =1, 2 . . . . .  7). (3.8) 
+ 3 . 5 . . . ( i + 2 0  

The  quan t i t y  A:/,(~m+x) i s  de f i ned  by  the  f o r m u l a  
w h i c h  is  ob t a ined  if  in t he  e x p r e s s i o n  (3.7) we r e p l a c e  

T by  fl, fl by  a ,  and the  f u n c t i o n s  @i(T) by  the  c o r r e -  
s p o n d i n g  f u n c t i o n s  @~(r),  wh ich  in t u r n  a r e  g i v e n  by  
(3.8) when  we  r e p l a c e  a by  e ,  b by d, s by  q ,  g by  f 
7 b y f l ,  a n d f l b y ~ .  

L 
8 

-/0.0 2 

F i g .  4 

In Eq.  (3.5) R2j + Rzj+i i s  t he  r e m a i n d e r  t e r m ,  f o r  
wh ich  we  ob t a in  the  f o l l o w i n g  e s t i m a t e :  

(3.9) 

Here 

t - 3 . . .  (2! + i )  
( l ) =  2 ~+~(z+2)! • 

• {(P ([~) [(T - -  ~)l+~ __  ([3 - -  a)z+z] - - ,  (a) (L3 - -  a)l+~} . ( 3 . 1 0 )  

L e t  us  now r e w r i t e  Eq.  (1.6) in the  f o r m  

u~ (0,  t) = 

~o-J- 

i=1 
( 3 . 1 1 )  

Sjo -~ ~ ~ ]n+V~ (]T) -n-1/~, 
~'=jo n = l  

c o  

Rf~ = ~ (Rej-~ R~j~z). (3.12) 
J=i. 

H e r e  J0 i s  s o m e  i n t e g e r ,  wh ich  is  d e f i n e d  be low.  
When the  R i e l n a n u  z e t a - f u n c t i o n  is  i n t r o d u c e d  into  

t h i s  d i s c u s s i o n ,  i t  b e c o m e s  e a s y  to c a l c u l a t e  t h e  f u n c -  

t i o n  Sj0 g i v e n  in Eq.  (3.12) and to c h o o s e  the  n u m b e r  
J0, s u c h  tha t  f o r  g i v e n  e and l ,  t h e  r e m a i n d e r  t e r m  Rj0 
d o e s  no t  e x c e e d  e:  

H e r e  E(x) i s  t he  i n t e g e r  p a r t  of t he  n u m b e r  x. 

In [7] are presented the results of calculations by the method pro- 
posed here for the function u(0, t) in the case of rectilinear oscillations, 
when b = g = d = f ~- 0. In this case the parameter p takes the following 
values: 0.125, 0.25, 0.375, 0.5, 0.625, 0.75, 0.875. 

Figures 1-4 present the graphs of the functions x(t), u(0, t), • 
and p(O), where p = P/Gt, 0 = (~ - v)/G/r. The function • is calcu- 
lated from Eq. (2.t), u(0, t) from Eq. (3.11), and p(O) from Eq. (1.5). 
Curve 1 corresponds to the following values of the constants in the solu- 
tion: 13= 0.5, a = -e = 8.87000, b = -d = 4.69923, g = -[ =-6.89511, 

s= q= 0.93477, A= 6.555, Co = 14.884; curve 2: p= 0.5; a= -e= 

= 0.96333, b = -d = 1.56644, g = -f = -0.67403, s = q = 0.93477, A = 

= L695, Co = 11.654; curve 3: p = 0.25, a = 3.87000, b = 8.98298, g = 

= -9.75116, e = -0.96333, d = -1.07228, f= 0.55034, s = q = 

= 0.93477, A = 1.2, Co = 6. The lowest curve in Fig. 3 corresponds to 

curve I. The dashed lines in Fig. 4 show the segments of the character- 

istic p(0) which do not correspond to the autooscillation cycle, but to 

the neighborhood of an unstable stationary state, and so cannot be cal- 
:~ ated by the method proposed here. In each case considered here we 
ha~ set T = 0.182 see, D = 10"SemZ/sec. The dimensions of the pa- 
rameters used in the solution are as follows: 

[u] = [co] = i0 -~ A/cm, 

[%]= [A]= [ a ]=  [e]= i0 -s A/cm 2, 

[b]= 10 -3 A/creSset s, [d] = t0 -s A/cmZsecq, 

[g] = [1] = t0 -s A/cmZsecl/Z; 

the quantities s and q are dimensionless. 
The results of the calculations with the constants used here agree 

with the experimental data of [3], and we have succeeded in calculat- 
ing the maximum values of the characteristic p(0), which cannot be 
done experimentally. 

T h e  c o m p u t e r  p r o g r a m  was  w r i t t e n ,  and the  c a l c u -  
l a t i o n s  p e r f o r m e d ,  by  S. V. D e r g a c h e v a .  
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